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We study a spinor (two-component) Bose gas confined in a one-dimensional double-valley optical
lattice which has a double-well structure in momentum space. Based on field theory analysis,
it is found that spinor bosons in the double-valley band may form a spin-charge mixed chiral spin
quasicondensate under certain conditions. Our numerical calculations in a concrete pi-flux triangular
ladder system confirm the robustness of the chiral spin order against interactions and quantum
fluctuations. This exotic atomic Bose-Einstein condensate exhibits spatially staggered spin loop
currents without any charge dynamics despite the complete absence of spin-orbit coupling in the
system, creating an interesting approach to atom spintronics. The entanglement entropy scaling
allows us to extract conformal-field-theory central charge and establish the low-energy effective field
theory for the chiral spin condensate as a two-component Luttinger liquid. Our predictions should
be detectable in atomic experiments through spin-resolved time-of-flight techniques.
I. INTRODUCTION
Ultracold atoms confined in optical lattices provide a
fascinating synthetic platform for quantum simulations
of various lattice Hamiltonians in a controllable fashion
beyond what is possible in natural crystals1–7. For ex-
ample, synthesizing optical lattices with artificial gauge
fields has attracted considerable recent research efforts,
and has now become one of the most important develop-
ments in ultracold atomic physics8. In particular, pi flux
models, which are in general difficult to find in solid state
materials, have been realized with atoms in shaken op-
tical lattices9,10. The artificial-gauge-field quantum sim-
ulator has become a versatile ground for investigating
exotic many-body physics such as bosonic chiral conden-
sates7,11–13 and fermonic quantum Hall states14.
Another optical lattice based quantum simulator re-
cently attracting interest is laser-assisted spin-orbit cou-
pling (SOC) 15–28, aiming for exotic Rashba ring con-
densate of bosons25 and symmetry-protected topological
states of fermions29,30. For bosons, it has been demon-
strated that one-dimensional SOC leads to crystalline
condensates22,31, and a more recent experiment realiz-
ing two-dimensional SOC has further advanced this sub-
ject27. For fermions, the SOC effects have been observed
in the single-particle energy dispersion20,21,26. The devel-
opments in SOC quantum simulators together with the
recently demonstrated capability of measuring atomic
spin currents32 are bridging the fields of spintronics and
ultracold atomic physics. However, the experimentally
realized SOCs are all single-particle effects extrinsically
induced by laser, causing experimental challenges (e.g.,
heating problems), in studying many-body quantum ef-
fects with more sophisticated SOCs. It is thus worthwhile
to find alternative ways to generate SOC-like effects, e.g.
with interactions, so that nontrivial strong correlations
and many-body effects can be studied. Previous mean
field analysis shows that SOC effects can spontaneously
emerge due to two-body interactions33, but whether this
exotic phenomenon could survive (beyond mean field the-
ory) against strong fluctuations is unknown, raising pos-
sible experimental difficulties in realizing this unconven-
tional paradigm for SOC engineering.
In this paper, we study a spinor (two-component)
Bose gas in a one-dimensional double-valley lattice in
the absence of any bare SOC. The double-valley lattice
model describes the sp-orbital coupled optical lattice sys-
tem34 as realized in Ref. 9 or the shaking-induced two-
dimensional pi-flux triangular lattice10 reduced to one
dimension. For certain repulsive spin-miscible interac-
tions35, it is found through an effective field theory analy-
sis that the ground state could be a chiral spin condensate
in the presence of strong fluctuations in one dimension.
This chiral spin condensate exhibits spin-charge mixing,
which turns out to be the major “quantum-fluctuation-
source” in selecting the nontrivial chiral spin order in a
classically degenerate manifold. For a specific pi-flux tri-
angular ladder model, we confirm the existence of chiral
spin condensate using the density matrix renormaliza-
tion group (DMRG) method36,37, which is a variational
algorithm within the class of matrix product states and
numerically “exact” for one-dimensional systems due to
their entanglement properties. This strongly correlated
state features spontaneous staggered chiral spin loop cur-
rents where the two spin components counterflow, i.e.
they move along opposite directions (Fig. 1). We empha-
size that such spin-orbit effects arise purely from interac-
tions in the theory, distinctive from previously explored
single-particle SOC effects. By computing various cor-
relation functions, conformal-field-theory central charge,
and entanglement scaling, we conclude that the relevant
low-energy effective field theory here is a two-component
Luttinger liquid.
ar
X
iv
:1
70
2.
01
43
9v
2 
 [c
on
d-
ma
t.q
ua
nt-
ga
s] 
 14
 D
ec
 20
17
2I
II
−3 −2 −1 0 1 2 3
−2
0
2
4
k
E(
k)
Q+Q−
(a)
(b)
FIG. 1. (a) Schematics of the pi flux triangular ladder model.
The two legs are labeled as I and II. The two components are
represented using up and down arrows. In the thermodynamic
limit, the two components develop currents along opposite
directions as indicated by the arrows along the bond. (b) The
single-particle band structure with two valleys at momenta
Q±.
II. FIELD THEORY ANALYSIS
Consider two-component (pseudospin σ =↑, ↓) bosons
in a double-valley band, e.g. the experimentally real-
ized one dimensional sp-orbital coupled optical lattice9
or the pi-flux triangular lattice reduced to one dimen-
sion10. Assuming the band minima are at ±Q (see
Fig. 1), the low energy degrees of freedom φσ,±, describ-
ing fluctuations near the band minima, are introduced
as φp=±,σ(x) =
∫
dk
2pi bσ(±Q + k)eikx, with bσ(q) being
the annihilation operator for the eigenmode of the lower
band (Fig. 1). The effective field theory has the action
S =
∫
dxdtL with the Lagrangian
L = φ∗pσ(x, t)
[
i∂t +
1
2M
∂2
∂x2
− ipλ ∂
3
∂x3
+ µ
]
φpσ(x, t) (1)
+
∑
σσ′
gσσ′
∑
pp′
|φpσ|2|φp′σ|2 +
∑
p
φ∗pσφ−pσφ
∗
−pσ′φpσ′
 ,
where the effective mass M and the third order deriva-
tive term λ can be extracted from the energy disper-
sion near the band minima, and gσσ′ characterizes the
interaction strengths in the spinor Bose gas. We in-
troduce g↑↑ = g↓↓ = gd and g↑↓ = g↓↑ = god. For
spin-miscible repulsive interactions, we have gd > 0,
god > 0, and g
2
d > g
2
od. Because of the exchange term
∑
p φ
∗
pσφ−pσφ
∗
−pσ′φpσ′ , we cannot have coexistence of
φ+σ and φ−σ at low energy. This leads to a spontaneous
Ising symmetry breaking at the classical level which re-
mains robust even in the presence of quantum fluctua-
tions at zero temperature. We thus have either chiral
charge or chiral spin superfluid as characterized by[
φ↑+
φ↓+
]
or
[
φ↑+
φ↓−
]
=
[ √
ρ0 + δρ↑eiθ↑√
ρ0 + δρ↓eiθ↓
]
, (2)
respectively, where the fields δρσ and θσ represent density
and phase fluctuations at low energy.
We define charge and spin degrees of freedom as θc,s =
1√
2
(θ↑ ± θ↓), whose conjugate momenta Πc,s are intro-
duced correspondingly. For the chiral charge superfluid,
we find a spin-charge separated Hamiltonian
Hχc =
∑
ν=c,s
1
2
vν
[
KνΠ
2
ν +
1
Kν
(∂xθν)
2
]
+λ
[
Πc
∂3
∂x3
θc + Πs
∂3
∂x3
θs
]
, (3)
with Kc/s =
√
2(gd ± god)/ρ0 and vc/s =√
2ρ0(gd ± god). Here we have neglected higher or-
der nonlinear terms as we shall show later that the
classical degeneracy between chiral spin and charge
superfluids is already broken at the harmonic order.
Performing the expansion in terms of the eigenmodes for
the quantum fields,
θν =
√
Kν
∫ Λ
−Λ
dk
2pi
1√
2|k|
[
aν(k)e
ikx + a†ν(k)e
−ikx](4)
Πν =
−i√
Kν
∫ Λ
−Λ
dk
2pi
√
|k|
2
[
aν(k)e
ikx − a†ν(k)e−ikx
]
(5)
we find that the energy density of the ground state is
1
4pi [vc + vs]Λ
2, with Λ the high-momentum cutoff in the
field theory. Note that the third order derivative term
λ in Eq. (3) actually does not contribute to the ground
state energy. For the chiral spin superfluid, we find a
spin-charge mixed Hamiltonian
Hχs =
∑
ν=c,s
1
2
vν
[
KνΠ
2
ν +
1
Kν
(∂xθν)
2
]
+λ
[
Πc
∂3
∂x3
θs + Πs
∂3
∂x3
θc
]
. (6)
When compared to the chiral charge superfluid, the spin-
charge mixing term leads to an additional energy-density
correction
∆E/L = −λ
2Λ6
24pi
(Kc −Ks)2
KcKs(vc + vs)
. (7)
and makes the chiral spin superfluid the actual ground
state of our system.
In optical lattice experiments, the chiral spin super-
fluid should be detectable using spin-resolved time-of-
flight techniques as two spins spontaneously (quasi-) con-
dense in different valleys, forming a momentum space
3FIG. 2. The superfluid [(a) and (b)] and density [(c) and (d)]
correlation functions for the pi-flux triangular ladder. In the
calculation of correlation function, we choose the left-most
lattice site to be m = 10 and the distance r = n − m. In
panels (a) and (b), the blue stars are numerical results and
the red dots are the least square fitting results using Eq. 11.
The fitting parameters are given in the panels.
antiferromagnet. In the language of conformal field the-
ory, the chiral spin superfluid is a critical phase with two
gapless normal modes and is formally described by two
Virasoro algebras with central charge c = 138.
III. pi-FLUX TRIANGULAR LADDER MODEL
To further demonstrate the existence of the chiral spin
superfluid, we choose a concrete optical lattice — a pi flux
triangular two-leg ladder (see the experiment in Ref. 10),
and carry out numerical calculations. As shown in Fig. 1,
we consider a two-leg ladder with the legs labeled as I and
II, aligned along the x direction. The number of sites
along the x direction is L and these sites are indexed by
m. The creation (annihilation) operators are denoted as
b†σ,α,m (bσ,α,m) with the spin, leg, and site indices, σ =↑
, ↓, α = I, II, and m ∈ [1, 2, · · · , L]. The single-particle
Hamiltonian consists of hopping terms connecting all the
nearest neighbors with a positive coefficient as given by
H0 =
∑
σ=↑,↓
∑
m
[
b†σ,I,mbσ,I,m+1 + b
†
σ,I,mbσ,II,m
+ b†σ,I,mbσ,II,m+1 + b
†
σ,II,mbσ,II,m+1 + H.c.
]
(8)
The positive coefficient can be obtained using pi magnetic
flux in each unit cell, which is impossible to reach in
electronic systems but has been implemented in ultracold
atoms10. With periodic boundary condition along the x
direction, the single-particle Hamiltonian in momentum
space reads[
2 cos k 1 + cos k + i sin k
1 + cos k − i sin k 2 cos k
]
(9)
The two Bloch bands have energy eigenvalues E± =
2 cos k ±
√
sin2 k + (1 + cos k)2. The lower band
has two equal minimal values at momenta Q± =
± arccos(−7/8) ≈ ±2.6362 rad and their degeneracy is
protected by time-reversal symmetry. We study many-
body systems with the numbers of bosons denoted as Nσ
and define the filling factor as (N↑ + N↓)/(2L). The in-
teractions between the bosons are described by the terms
V =
∑
σ=↑,↓
∑
α=I,II
∑
m
U0b
†
σ,α,mb
†
σ,α,mbσ,α,mbσ,α,m
+
∑
α=I,II
∑
m
U1b
†
↑,α,mb
†
↓,α,mb↓,α,mb↑,α,m (10)
where U0 = ∞ (we choose hard-core bosons for compu-
tational ease) and U1 is a finite number. When comput-
ing the many-body ground state of our system using the
DMRG method, we employ open boundary conditions as
this is more efficient than periodic boundary conditions.
We extract useful information only using the lattice sites
far from the edges to suppress any edge effects.
IV. NUMERICAL RESULTS
We first analyze the physics of spinless bosons. If the
bosons do not interact with each other, they would oc-
cupy one of the momenta Q± and we have a macroscopic
ground state degeneracy. As the interaction is turned
on, the bosons prefer to occupy one of the momenta
Q± and produce a chiral condensate with spontaneous
time-reversal symmetry breaking. For a two-component
system with no inter-species interaction, the two compo-
nents can condense in either of the two valleys so we have
four degenerate ground states schematically denoted as
|(↑, Q+), (↓, Q+)〉, |(↑, Q+), (↓, Q−)〉, |(↑, Q−), (↓, Q+)〉,
and |(↑, Q−), (↓, Q−)〉, with |(σ,Q), (σ′, Q′)〉 referring to
the spin component σ (σ′) condensing at Q (Q′). The
degeneracy of |(↑, Q+), (↓, Q+)〉 and |(↑, Q−), (↓, Q−)〉 is
protected by time-reversal symmetry, and the degeneracy
of |(↑, Q+), (↓, Q−)〉 and |(↑, Q−), (↓, Q+)〉 is protected
by inversion symmetry. The former pair of states posses
chiral charge order while the latter pair of states posses
chiral spin order. These two orders are degenerate at
the classical level, so the question to address is which or-
der the inter-species interaction U1 would select in the
presence of strong quantum fluctuations.
We compute the ground states at 1/2 and 1/3 fillings
(the physics at other fillings are qualitatively the same).
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FIG. 3. The panels (a) and (b) show the charge (red dots) and spin (blue stars) current correlation functions for the same
system as in Fig. 2. The panels (c) and (d) show the spin current correlation functions for two systems at several different U1
values. The left-most lattice site in calculating the correlation is chosen to be m = 10 and the distance r = n−m.
In one dimension, a superfluid phase features a quasi-
long-range order in the correlation Γmn = 〈b†σ,α,mbσ,α,n〉
due to strong quantum fluctuations. We show two exam-
ples of Γmn for spin-up bosons on leg-I in Fig. 2 (a) and
(b) and fit them according to
Γmn = f cos[q(m− n)]/|m− n|α (11)
In both cases, the coefficient q is very close to |Q±| so we
conclude that the ground states are indeed superfluids in
which the bosons (quasi-) condense at Q±. As another
check, we have also computed the density-density corre-
lation functions ∆mn = 〈ρσ,α,mρσ,α,n〉 − 〈ρσ,α,m〉〈ρσ,α,n〉
(ρσ,α,m = b
†
σ,α,mbσ,α,m). The two examples for spin-up
bosons on leg-I shown in Fig. 2 (c) and (d) decay to
zero very quickly so there is no long-range density order.
Because the Hamiltonian is symmetric between spin-up
and spin-down bosons, the same correlation functions are
expected for spin-down bosons, which we have confirmed
explicitly.
The superfluid and density correlation functions
demonstrate that the ground states are superfluid but
they do not tell us whether the two components con-
dense in the same or different valleys. To distinguish
between chiral charge and chiral spin orders, we de-
fine the current operator on the bond m as Jσm =
i(b†σ,I,mbσ,II,m− b†σ,II,mbσ,I,m) and compute its correlation
functions. The two types of chiral orders will give rise to
two different long-range ordered correlation functions—
Θcmn = 〈JcmJcn〉 and Θsmn = 〈JsmJsn〉, respectively, where
Jcm = J↑m + J↓m is the charge current operator and
Jsm = J↑m − J↓m is the spin current operator. The chi-
ral spin ordered phase breaks the inversion symmetry
spontaneously and the spin current correlation function
exhibits true long-range order because the broken sym-
metry is discrete. Fig. 3 shows the correlation func-
tions Θcmn and Θ
s
mn. We find that Θ
c
mn decays to zero
quickly as m−n increases while Θsmn saturates to a con-
stant value in the bulk. The quantity Θsmn is an “order
FIG. 4. The von Neumann entanglement entropy. The blue
stars are numerical results and the red lines are the least
square fitting results using Eq. 12 without the oscillating
term. The fitting parameters are given in the panels.
parameter” to identify the regime where the chiral spin
condensate is stabilized. Fig. 3 (c) and (d) show Θsmn
for different interaction strength U1. In both cases, we
find that as we increase U1 the ground state exhibits chi-
ral spin current when U1 is not too large, but eventually
Θsmn becomes a decaying function of m − n (meanwhile
Θcmn always decay to zero quickly). This implies that the
chiral spin order gets weaker as the interspecies interac-
tion strength increases, which is consistent with the field
theory results in Eq. (7). The large U1 regime in our sys-
tem is expected to resemble similar physics as described
in Ref. 39.
To confirm that the low-energy effective field theory
is indeed a two-component Luttinger liquid, we calculate
5the scaling of the entanglement entropy using DMRG.
We choose a subsystem A with LA sites on the left of the
system, trace out the other sites to obtain the reduced
density matrix ρA of A, and compute the von Neumann
entropy S = −Tr(ρA ln ρA). For a system that is open in
the x direction, S is predicted to take a functional form
of40
S(LA) =
c
6
ln
[
L
pi
sin
(
pi
LA
L
)]
+ g + F (12)
based on conformal field theory, where g is a constant
and F is a non-universal oscillating term. In our model,
we find that the F term becomes less important as the
system size increases so the value of c can be extracted
using sufficiently large systems. To avoid edge effects, we
discard the data points for which LA is close to zero or
L and only use those in the middle. The two examples
shown in Fig. 4 both give central charge 2 as expected
for a two-component Luttinger liquid.
V. CONCLUSION
Based on effective field theory analysis and numerical
simulations, we have established that the ground state
of two-component bosons in a one-dimensional lattice
with double-valley band could be a chiral spin super-
fluid. This phase spontaneously breaks inversion sym-
metry and exhibits chiral spin loop currents. Our predic-
tions should be readily testable in ultracold atoms using
spin-resolved time-of-flight techniques since the system
exhibits momentum space antiferromagnetism. The chi-
ral spin condensate may lead to applications in quantum
information processing and topological state engineering.
For example, it may be used as building blocks of chi-
ral spin networks for multiparticle entanglement gener-
ation41. In Bose-Fermi mixtures, chiral spin condensate
of bosons may provide a background for the fermions to
form topological phases. The prospect of inducing topo-
logical phases from spontaneous symmetry breaking 42–46
is worth further exploration.
The pi-flux triangular ladder model may also host other
interesting physics. With optical lattices10, the hop-
ping constants along the legs and between the legs could
in principle be changed independently. The interaction
strengths are also tunable by changing lattice depth and
by Feshbach resonances. Varying these parameters, a
even richer phase diagram is anticipated. In particular,
the bosons may form a Mott insulator rather than a su-
perfluid at integer filling factors. It remains to be seen
if the insulating state can also possess nontrivial chiral
spin order.
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